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Abstract 

In this note not intended for publication, we provide pictures for the Chabauty 
space of C*. 

Lemma 1 and Propositions 2 and 3 are not new, and can be found in [Bacllj for instance. 
This note was announced in [BC12]. 

Recall that any closed subgroup of C is isomorphic to exactly one of the following groups: 
{0}, Z, Z 2 , K,ZxR, C. 

Lemma 1. The followings are all the closed subgroups of C containing 2m. 

• A m := (27T jm)%L for some m G N, 

• B™ := z7L + (27r/m)iZ for some m G N and for z G C with Re(z) > and lm(z) G 
[0,m], 

• C x :=xZ + iRforx > 0, 

• D™ := (27r/m)iZ + (1 + it)R with teRandmeN. 

• A = := 

• Co := C. 

Proof Let T be a closed subgroup of C containing 2m. Then V contains A 1 . If T is discrete, 
it must contain A m for some maximal m; if T is isomorphic to R, it must be = zR. Also, 
if T is a lattice containing A m for a maximal m, it must be of the form B™ for z verifying 
Re(z) > and lm(z) G [0, m]. Thus, suppose T is isomorphic to R x Z. There are two cases. 
Case 1: A m is the Z part. Then T, as a set, is the union of parallel lines of finite slope t 
passing through the points of A m . Thus V is D™. 

Case 2: A 171 is contained in the R part. Then T contains and is the union of vertical 
lines equally spaced in the horizontal direction. Hence T = C x for some x > 0. 

□ 
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Proposition 2. In the Chabauty topology, we have the following convergence results. 



A = iR if m n -> oc 
A m ifm n ^meN 



C x if m n — »> oc and Re(z n ) — >> x 
• Bf n n -^^A m ifm n ^meN and Re(z n ) oc 

B™ if m n m G N and z n z with Re(z) G (0, oc) 

'C = C ifx n ^0 
Cx n -> { Coo = iR if x n -> oc 
C x ifx n ^xe (0,oc) 



C if m n — >> oc or t n ^ ±oc 

A m ift n ^teR and m n ^ m G N 



Proof. The proofs of these assertions are either easier than or similar to the proof of Propo- 
sition [3] below; they are therefore left to the reader to check. □ 

Proposition 3. Let (z n = x n + 2m9 n ) be a converging sequence of complex numbers, with 
x n > 0, x n — >■ ; # n G [0, 1], # n — >■ rationnal, say 9 = p/q with p, q coprime positive 

integers, define for all n t n to be the slope of the line passing through and qz n — 2inp, i.e. 

t n — (9 n — 9). 

x n 

Then the limit in the Chabauty topology of the sequence B™ is 

C ift n —> ±oc 
If 9 is irrationnal then B™ — >> C. 

J Z n 

Proof. The case where 9 is irrationnal is immediate; let us suppose that 9 G Q. 

Note, just by drawing all lines of slope t n passing through points of B™ , that B™ C 
^icm(m,g)^ ]y[ oreover ^ a c i ser look on the intersection between all those lines and the imagi- 



nary axis iR shows that on every line of {pm,q) there is actually at least one point of B 
as soon as 9 n is close enough to 9. Since p and q are coprime, gcd ^ ^ = lcm (m, g), thus 

there is at least one point of B™ on each line of jjfc m ( m,q \ 

Finally, since x n —> 0, we can find for every e > an integer TV large enough so that for 
all n > N ', Bz^ m e-fills £)^ m ( m '4) (i <e< every point of jj^^ m ^ i s a t distance at most e of 
a point of B 2 z ^ m ). Therefore the Hausdorff distance between B 2 z ^ m and /}^m(m,g) tends to 
zero, and we are done. □ 
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Let us interpret these results geometrically. 

First, let us describe the space of subgroups D™, for to E N and t E [—00,00]. By 
Proposition [2j D™ —> C for any to if t —> ±00. Thus we get a bouquet of circles; one circle 
for each to E N, the wedge point corresponding to the total subgroup C. We also know that 
when to — >• 00, D™ — >> C for any i. Thus when we increase to, the corresponding circle in the 
bouquet shrinks down to the wedge point. We call this space the L*-bouquet. See Figure [T] 
below. 



D 2 t , t € [—00, oc] 




D" 1 , t € [—00, oc] 



Figure 1: The D-bouquet, a bouquet of circles; the wedge point represents the total sub- 
group C. 

Now set to E N to be fixed. We would like to see how the closure of the space of subgroups 
B™ looks like, for z verifying Re(z) > and lm(z) E [0,to]. 

But since two subgroups B™, B™ for z,z' as above, are the same if and only if z — z' 
mod 2m /to, the space of £>™'s is the cylinder 

{z = x + iy\ x > 0, y E [0, m]} j (x ~ x + 2m jm). 

By Proposition [2j if x —> 00, then B™ A m in the Chabauty topology. Therefore the 
space becomes a cone in the right direction. The identification of the other end is more 
complicated. Say x and y 2tt9 with 9 E [0, to]. By Proposition |3| there are two cases 
to consider. 

Case 1: 9 is irrational. Then B™ converges to C. 

Case 2: 9 is rational, say 9 = p/q. Then B™ — >> jj l t crn ( m > q "> w here t = lim ^r(9 n — 9). For p 
and q fixed, every possible limit for t is possible; hence we have to blow up the point Q-\-2mp/q 
at the left of the cylinder to a segment corresponding to jj^ m ( m ^ with t E [—00, 00]. Now 
since jj 1 ^ 171 ^ — c, we still have to pinch the endpoints of that segment to a point, as in 
Figure [2] below. 

Therefore the left end of the cylinder, where x = 0, is glued to D-bouquet, in such a way 
that all points 2m9 with 9 irrational are collapsed to the wedge point of the bouquet, and 
the other points are blown up to some circles of the bouquet. 

Note that 9\ = p\jq\ and 9 2 = P2/Q2 are blown up to the same circle, as long as 
lcm(m, = 1chi(to, q 2 ). Thus if to = 1, then this end is exactly the L)-bouquet; but 
whenever to > 1, the end is glued to a proper subbouquet, containing only petals of index 
in toN. 
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Figure 2: At the left of the cylinder, each point 2m 9 with 9 rational is blown-up to a circle, 
resulting from a pinching. First step: 2m9 (in red in the first picture) is blown-up to a 
segment (in red in the second picture). In orange, each ray represents a locus of constant 
slope t n (see Proposition [3] for notations). Second step: force the end-points of this segment 
to get closer and closer together (third picture) until the pinching (last picture). 

We call the resulting space the mth layer, noted L m . 

We can now collect every result of Propositions [2] and [3] into a global picture for the 
Chabauty space of C* (see Figure [3]) . 



D- bouquet r r 




Figure 3: The Chabauty space of C* 
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